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Abstract
In 1976, Stahl and White conjectured that the minimum nonorientable genus of Kl,m,n (where
l ≥ m ≥ n) is
⌈
(l−2)(m+n−2)
2
⌉
. We prove that K4,4,1, K4,4,3, and K3,3,3 are counterexamples to
this conjecture. We also show that all other complete tripartite graphs Kl,m,n with l ≥ m ≥ n and
l ≤ 5 satisfy the conjecture. Moreover, all complete tripartite graphs with l ≤ 5 satisfy the similar
conjecture for orientable genus.
© 2004 Elsevier Ltd. All rights reserved.
1. Introduction
For basic definitions of topological graph theory not given here, see Gross and
Tucker [4] or Mohar and Thomassen [7].
The orientable genus g(G) of a graph G is the smallest h for which G embeds in the
surface Sh with h handles, and the nonorientable genus g˜(G) is the smallest k for which G
embeds in the surface Nk with k crosscaps (we take g˜(G) = 0 if G is planar). Determining
g(G) and g˜(G) are two of the most fundamental problems in topological graph theory. In
general, these are NP-complete problems, as shown by Thomassen [13, 14]. However, for
certain special classes of graphs formulae for the genus can be given. In 1890, Heawood [5]
conjectured that the minimal genus of the complete graph Kn is g(Kn) =
⌈
(n−3)(n−4)
12
⌉
,
and that the minimal nonorientable genus of Kn is g˜(Kn) =
⌈
(n−3)(n−4)
6
⌉
. These formulae
were proved (with the exception that g˜(K7) = 2) in a series of papers by several authors
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which culminated in that of Ringel and Youngs [10]. Ringel [8, 9] also determined that
for the complete bipartite graph Km,n , we have g(Km,n) =
⌈
(m−2)(n−2)
4
⌉
and g˜(Km,n) =⌈
(m−2)(n−2)
2
⌉
.
For complete tripartite graphs, which are the subject of this paper, only partial results
are known. For Kl,m,n with l ≥ m ≥ n, Euler’s formula and the fact that there can be at
most 2mn triangles in any embedding give a lower bound on either genus. It is conjectured
that these lower bounds are tight. Specifically, White [16] conjectured in his thesis that
the orientable genus of the complete tripartite graph Kl,m,n is
⌈
(l−2)(m+n−2)
4
⌉
and Stahl
and White [12] conjectured that the nonorientable genus of Kl,m,n is
⌈
(l−2)(m+n−2)
2
⌉
.
White proved that the orientable conjecture is true for Kl,m,n where m + n ≤ 6 [16],
and for Kmn,n,n , where m, n ∈ N [17]. Ringel and Youngs [11] also proved the orientable
conjecture for Kn,n,n . Stahl and White [12] proved that the orientable conjecture holds for
Kn,n,n−2 when n ≥ 2 is even, and for K2n,2n,n for all n ≥ 1. They also showed that the
nonorientable conjecture holds for Kn,n,n−2 for all n ≥ 2, and for Kn,n,n−4 when n ≥ 4
is even. In 1998, Craft [2] proved that the orientable conjecture holds for K2l,m,n when
l ≥ m + n − 2 and m + n is even. Finally, Kawarabayashi and two of the authors [6]
showed that if one of the conjectures holds for Kl,m,n then under certain hypotheses it also
holds for Kl+k,m,n .
In this paper we prove that the nonorientable conjecture is not true for K4,4,1, K4,4,3,
or K3,3,3. We also present some embeddings which, together with prior results, show that
these are the only exceptions to either conjecture for Kl,m,n with l ≥ m ≥ n and l ≤ 5. We
have computer results that show that the conjectures also hold for l = 6.
Since submitting the original version of this paper, we have shown elsewhere [3] that
the nonorientable conjecture is true with only the three exceptions described in this paper;
some of the positive results from this paper appear as basis cases in the induction argument
we use. We have not found any counterexamples to the orientable conjecture thus far.
Therefore, it seems reasonable to hope that, as for complete graphs, both genus formulae
work except for a small number of small examples on nonorientable surfaces.
The following observations will be useful.
Observation 1. Suppose the graph G is embedded in a surface S. Let v ∈ G have degree
at least three, and let e1 and e2 be incident with v. Then there exists at most one facial walk
C that contains both e1 and e2 as consecutive edges.
Proof. If there are two facial walks containing e1 and e2, then the local rotation at x cannot
be a cyclic permutation, contrary to the definition of an embedding. 
Observation 2. Suppose Kl,m,n , with l ≥ m ≥ n, is embedded in the nonorientable
surface of genus k =
⌈
(l−2)(m+n−2)
2
⌉
. Then the embedding is a 2-cell embedding, i.e.,
the interior of every face is an open disc.
Proof. The value k is a lower bound obtained from Euler’s formula (see [12]). If
Kl,m,n embeds on Nk , then this is an embedding on a surface of maximum possible Euler
characteristic and hence, by a result of Youngs [18], it is a 2-cell embedding. 
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2. K4,4,1
Lemma 3. Any embedding of K4,4,1 in N3 has exactly eight 3-cycles and six 4-cycles
as faces.
Proof. Let fi represent the number of facial walks with exactly i edges. Let G = K4,4,1
and suppose G has tripartition ({x1, x2, x3, x4}, {y1, y2, y3, y4}, {z}). Observe that any
3-cycle contained in G must include z since G − z is bipartite. In particular, any triangle
of G must contain one of the edges xi z where 1 ≤ i ≤ 4. Since every edge of G is
in exactly two faces of the embedding, we have that f3 ≤ 8. By Observation 2, Euler’s
formula applies, and gives
f =
∑
fi = 14, (1)
whence we have that∑
i≥4
fi ≥ 6.
On the other hand,∑
i fi = 2|E(G)| = 48.
Multiplying Eq. (1) by 3 and subtracting gives∑
i≥4
(i − 3) fi = 6,
and we have
6 =
∑
i≥4
(i − 3) fi ≥
∑
i≥4
fi ≥ 6.
Thus, fi = 0 for i ≥ 5, f4 = 6, and f3 = 8. Any facial walks of length 3 and 4 must be
cycles. 
Theorem 4. K4,4,1 has no embedding in N3. However, K4,4,1 does embed in N4.
Proof. Suppose on the contrary that there is an embedding of G = K4,4,1 in N3. By
Lemma 3, the embedding consists of eight 3-cycles and six 4-cycles. The eight 3-cycles
must all include the vertex z. Assume without loss of generality that the rotation around z
is (x1y1x2y2x3 y3x4y4), as shown in Fig. 1, so that the 3-cycles are (zx1y1), (zy1x2), . . ..
This gives partial local rotations about the vertices xi , as shown in Fig. 2.
We claim that two vertices yi and y j must be consecutive in the local rotations of an even
number of the xk’s. To see this, observe that all faces including z, as well as all 3-cycles,
are accounted for, so that the remaining faces are all 4-cycles of the form (xa ybxc yd).
Thus, if yi and y j are consecutive at xk , then there is a facial 4-cycle containing yi , y j , xk ,
and some other vertex xl . But that means that yi and y j are also consecutive at xl , so that
the vertices in whose local rotations yi and y j are consecutive come in pairs.
We further claim that yi−1 and yi (subscripts interpreted modulo 4) must be consecutive
in the local rotations of exactly two of the x j ’s. As above, yi−1 and yi are consecutive in
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Fig. 1. Local rotation at z.
Fig. 2. Local rotations about xi , 1 ≤ i ≤ 4.
the local rotations of an even number of the x j ’s. They are not consecutive in all four local
rotations, for they are not consecutive in the local rotation at xi . On the other hand they are
consecutive in the local rotation of at least one of the x j ’s, namely xi+2. Thus they must be
consecutive in the local rotation of exactly two of the x j ’s.
Now yi−1 and yi are consecutive in the local rotation of xi+2, and they are not
consecutive in the local rotation of xi . Since they are consecutive twice, they must be
consecutive in the local rotation of xi+1 or that of xi+3, but not both. Thus there are two
possibilities for the rotations about x1 (each of which fixes a rotation about x3), and two
possibilities for the rotations about x2 (each of which fixes a rotation about x4), for a total
of four possible rotation schemes. These are listed in Table 1. In each case some vertex yi
and some two edges yi x j and yi xk all appear together in two facial 4-cycles, listed in the
table, contrary to Observation 1.
M.N. Ellingham et al. / European Journal of Combinatorics 26 (2005) 387–399 391
Table 1
Possibilities for local rotations of K4,4,1
Rotation at x1 Rotation at x2 Conflicting facial cycles
(zy4 y3 y2 y1) (zy1 y4 y3 y2) (x1 y3x2 y2), (x1 y3x2 y4)
(zy4 y3 y2 y1) (zy1 y3 y4 y2) (x1 y2x4 y1), (x1 y2x4 y3)
(zy4 y2 y3 y1) (zy1 y4 y3 y2) (x2 y4x3 y1), (x2 y4x3 y3)
(zy4 y2 y3 y1) (zy1 y3 y4 y2) (x3 y1x4 y2), (x3 y1x4 y4)
Fig. 3. K4,4.
For an embedding of K4,4,1 on N4, note that Stahl and White’s result for Kn,n,n−2 [12]
implies that K4,4,2 embeds on N4, and K4,4,1 is a subgraph of K4,4,2. 
3. K4,4,3
Theorem 5. There is no embedding of K4,4,3 in N5. However, K4,4,3 does embed in N6.
Proof. Suppose on the contrary that there is an embedding Π of G = K4,4,3 in N5.
Suppose that G has tripartition (X = {x1, x2, x3, x4}, Y = {y1, y2, y3, y4}, Z =
{z1, z2, z3}). By an argument similar to that of Lemma 3, any embedding of K4,4,3 in N5
has exactly 24 3-cycles and two 4-cycles as faces. Since there are 24 facial 3-cycles, and
each 3-cycle must contain a vertex of Z , all faces incident with a vertex of Z are 3-cycles.
Thus, removal of Z fromΠ leaves an embedding of K4,4 in N5 whose set of faces consists
of two 4-cycles and three Hamilton cycles. We prove such an embedding of K4,4 does not
exist.
K4,4 is depicted in Fig. 3. We need to choose two 4-cycles and three Hamilton cycles
from the graph in such a way that
1. every edge is used exactly twice, and
2. the induced permutation of edges at each vertex is a cyclic permutation.
Observe that there is only one way (up to isomorphism) to choose two disjoint 4-cycles
from K4,4. Without loss of generality we choose two such 4-cycles as in Fig. 4 and replace
the solid edges from these cycles with dotted edges.
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Fig. 4. K4,4 with two disjoint 4-cycles.
The remaining solid edges also form two 4-cycles. Call these solid 4-cycles A and B .
We now need three Hamilton cycles. Consider the following facts:
1. By Observation 1, we may not use consecutive dotted edges to form a facial cycle.
Thus, any facial Hamilton cycle contains at most four dotted edges.
2. The solid edges do not form a Hamilton cycle, so any facial Hamilton cycle contains
at least one dotted edge.
3. Without loss of generality a Hamilton cycle starts in A, so it must end in A. Since
every edge connecting A and B is dotted, there must be an even number of dotted
edges in any such cycle. Together with observations above, this implies that the
number of dotted edges in one of our facial Hamilton cycles is either 2 or 4.
Since we may use each of eight dotted edges one more time in facial Hamilton cycles,
the above facts dictate that two of our facial Hamilton cycles have two dotted edges and
one has four. Clearly, we may have at most three consecutive solid edges in any Hamilton
cycle. Thus the two facial Hamilton cycles having two dotted edges have the form
solid–solid–solid–dotted–solid–solid–solid–dotted.
Up to isomorphism there is only one way to choose such a cycle from our graph. Without
loss of generality we may assume it is C1 as shown in Fig. 5. Since consecutive edges (in
particular, consecutive solid edges) may not be used in two distinct facial cycles, the second
facial Hamilton cycle C2 is fixed once C1 is chosen. We must use the solid edge from A
which is not in C1 together with its neighboring edges in A, the solid edge from B which
is not in C1 together with its neighboring edges in B , and the dotted edges connecting
the endpoints of the resulting paths. See Fig. 5 again. Fig. 6 shows K4,4 with C1 and C2
removed: solid edges become dashed after one use, and vanish after two uses; dotted edges
have been used once already, so they vanish after one use. One observes that the removal
of C1 and C2 does not leave a Hamilton cycle, as needed, but rather leaves two 4-cycles.
Thus there is no embedding of K4,4 on N5 with two 4-cycles and three Hamilton cycles as
faces, so there is also no embedding of K4,4,3 on N5.
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Fig. 5. Facial Hamilton cycles C1 and C2.
Fig. 6. K4,4 after removal of C1 and C2.
For an embedding of K4,4,3 in N6, note that in Section 5.3 we give an embedding of
K4,4,4 in N6, and K4,4,3 is a subgraph of K4,4,4. 
4. K3,3,3
Theorem 6. There is no embedding of K3,3,3 in N2. However, K3,3,3 does embed in N3.
Proof. Suppose on the contrary that there is an embedding Π of G = K3,3,3 in N2.
Suppose that G has tripartition (X = {x1, x2, x3}, Y = {y1, y2, y3}, Z = {z1, z2, z3}).
By an argument similar to Lemma 3, the set of facial cycles of Π consists of eighteen
3-cycles. Removal of Z (and all incident edges) from Π leaves an embedding of K3,3 in
N2 such that the set of facial cycles consists of three Hamilton cycles. There is only one
way (up to isomorphism) to choose three Hamilton cycles from K3,3 such that every edge
is used exactly twice. Such a choice of cycles is shown in Fig. 7. But this choice of cycles
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Fig. 7. Decomposition of K3,3 into Hamilton cycles so that edges are used twice.
gives rise to an embedding on the torus, S1, rather than the Klein bottle, N2. Since there is
no embedding of K3,3 on the Klein bottle with three Hamilton cycles for faces, there is no
embedding of K3,3,3 on the Klein bottle.
For an embedding of K3,3,3 on N3, just add a crosscap in the interior of any face of the
embedding of K3,3,3 on S1 that we described above. 
5. Small complete tripartite graphs
After finding two counterexamples, K4,4,1 and K4,4,3, we decided to systematically
check as many small complete tripartite graphs as we could to determine whether there
were any other small counterexamples. We decided to check both conjectures for Kl,m,n
with l ≥ m ≥ n and l ≤ 5. In the process we found the third counterexample, K3,3,3.
The results of our checking for l ≤ 5 are shown in Table 2. We omit the graphs Kl,1,1,
which are always planar. Most of the orientable cases in this range were taken care of
by White’s result [16] for m + n ≤ 6, and a couple by White’s result [17] for Kmn,n,n .
Two orientable cases follow because they are subgraphs of a larger graph that embeds
on the same surface. Three nonorientable cases are taken care of by Stahl and White’s
result [12] for Kn,n,n−2. One orientable and many nonorientable cases are taken care of
by a generalization of the inductive construction of Bouchet [1], who gave new proofs for
Ringel’s results on the genus of complete bipartite graphs. The generalization is explained
in detail in [6]. It allows us to combine an embedding of Kl,m,n on Σ1 with an embedding
of Ks,m+n onΣ2 to obtain an embedding of Kl+s−2,m,n on the disk sumΣ1◦Σ2. We denote
this process by Σ1(l, m, n)  Σ2(s, m + n).
We were left with three orientable and nine nonorientable cases to check in an ad hoc
fashion. Embeddings for these twelve cases are listed in Sections 5.2 and 5.3 below, in a
format specified in Section 5.1. We found the nine nonorientable embeddings by hand, but
the three orientable ones eluded us. At that point we wrote two computer programs (one for
orientable, the other for nonorientable embeddings). All twelve embeddings listed below
are in fact computer-generated.
We also ran our computer programs on Kl,m,n with l ≥ m ≥ n and l = 6, and confirmed
that both conjectures hold for all such graphs, but we do not list the results here for the sake
of brevity.
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Table 2
The existence of conjectured embeddings of Kl,m,n
(l, m, n) Orientable Nonorientable
(2,2,1) Clearly planar
(2,2,2) Clearly planar
(3,2,1) S1 [16] N1 S0(2, 2, 1)  N1(3, 3)
(3,2,2) S1 [16] N1 S0(2, 2, 2)  N1(3, 4)
(3,3,1) S1 [16] N1 [12]
(3,3,2) S1 [16] N2 See list
(3,3,3) S1 [16] N2 none
(4,2,1) S1 [16] N1 S0(2, 2, 1)  N1(4, 3)
(4,2,2) S1 [16] N2 N1(3, 2, 2)  N1(3, 4)
(4,3,1) S1 [16] N2 N1(3, 3, 1)  N1(3, 4)
(4,3,2) S2 [16] N3 See list
(4,3,3) S2 [16] N4 S1(3, 3, 3)  N2(3, 6)
(4,4,1) S2 [16] N3 None
(4,4,2) S2 [16] N4 [12]
(4,4,3) S3 Subgraph of K4,4,4 N5 None
(4,4,4) S3 [17] N6 See list
(5,2,1) S1 [16] N2 N1(4, 2, 1)  N1(3, 3)
(5,2,2) S1 [16] N3 N2(4, 2, 2)  N1(3, 4)
(5,3,1) S2 [16] N3 N2(4, 3, 1)  N1(3, 4)
(5,3,2) S3 [16] N5 N3(4, 3, 2)  N2(3, 5)
(5,3,3) S3 [16] N6 N4(4, 3, 3)  N2(3, 6)
(5,4,1) S3 [16] N5 See list
(5,4,2) S3 [16] N6 N4(4, 4, 2)  N2(3, 6)
(5,4,3) S4 See list N8 See list
(5,4,4) S5 S3(4, 4, 4)  S2(3, 8) N9 N6(4, 4, 4)  N3(3, 8)
(5,5,1) S3 [16] N6 See list
(5,5,2) S4 See list N8 See list
(5,5,3) S5 See list N9 [12]
(5,5,4) S6 Subgraph of K5,5,5 N11 See list
(5,5,5) S6 [17] N12 See list
5.1. Description of the embeddings
Let us suppose Kl,m,n has tripartition (X = {x1, x2, . . . , xl}, Y = {y1, y2, . . . , ym},
Z = {z1, z2, . . . , zn}). Then it may be regarded as the union of a complete bipartite
spanning subgraph H ∼= Kl,m+n with bipartition (X, Y ∪ Z) and a complete bipartite
subgraph J ∼= Km,n with bipartition (Y, Z). From this point of view, the complete
tripartite genus conjectures are just strengthenings of Ringel’s results on complete bipartite
graphs. The conjectures say that if l ≥ m ≥ n then g(Kl,m,n) = g(Kl,m+n) and
g˜(Kl,m,n) = g˜(Kl,m+n). In other words, we can find an embedding of H ∼= Kl,m+n with
the genus specified by Ringel’s formula, in such a way that the edges of the J ∼= Km,n can
be added in the same surface, as chords of the faces. (Unfortunately, the embeddings of
complete bipartite graphs given by Ringel do not seem to allow us to do this.)
So, we specify our embeddings of Kl,m+n below by describing an embedding of
H ∼= Kl,m+n , along with the faces in which the edges of J , having the form yi z j , are to
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Fig. 8. Illustration of the embedding format.
be inserted. The upper part of each description is an l × (m + n) table describing the
embedding of H . The rows represent the vertices of X and the columns represent the
vertices of Y ∪ Z , with a vertical line dividing Y from Z . Each cell represents an edge of
H , and contains two letters denoting the two faces to which the edge belongs (faces start
at ‘a’). Since the embeddings below do not require facial walks with repeated vertices, we
can determine each facial cycle from the table. The lower left part of each description is
an n × m table describing the embedding of J . The rows represent the vertices of Z and
the columns represent the vertices of Y . Each cell contains one letter denoting the face of
H into which the edge yi z j is to be inserted. Since the embeddings below contain only
4- and 6-cycles as faces, and we insert edges incident with at most half of the vertices of a
given face, we do not need to worry about edges crossing when more than one is inserted
in a given face, which happens in some cases.
For orientable embeddings, each edge of H may be oriented from X to Y ∪ Z in the
face that appears first in a cell, and from Y ∪ Z to X in the face that appears second. It
can be checked that each face appears in a given row or column once in first position and
once in second position, so the edges of each face are oriented consistently, one into and
one out of each vertex of the face. Thus, the embedding of H is orientable, and hence the
whole embedding is orientable. For each nonorientable embedding the description has a
lower right part, where we list a sequence of faces (not guaranteed to be minimal) that can
be used to prove nonorientability.
To illustrate, in Fig. 8 we see the description of an embedding of K4,3,2 on N3, with
labels added. The face ‘b’ of H , for example, has facial walk (x1z1x3y1) from the upper
part, and from the lower part we see that the edge y1z1 of J is to be inserted in this face.
Rotations around each vertex in H can be generated from the upper part of the description:
for example, around vertex x1 we can see that the faces occur in cyclic order (abdec) so the
vertices appear in order (y1z1 y3z2y2). The sequence ‘gdbifa’ shows that the embedding
is nonorientable, as follows. Assume an orientation of faces exists, so that each edge is
oriented once in each direction. Call the direction from X to Y ∪ Z down, and the opposite
direction up. The edges of each face must be oriented alternately up and down. Without
loss of generality we may orient x2z1 up in ‘g’, so it must be down in ‘d’. Then x1z1 must
be up in ‘d’ and down in ‘b’, x3y1 must be down in ‘b’ and up in ‘i’, x4y1 must be down in
‘i’ and up in ‘f’, and x2y1 must be down in ‘f’ and up in ‘a’. But now x2y2 is down in both
‘a’ and ‘g’, a contradiction.
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5.2. Orientable embeddings
K5,4,3 on S4 K5,5,2 on S4
af ba cb dg ec fd ge ag ba cb df ed fc ge
ha ak ic jd cj dh ki ha ak ic jd di ch kj
fe lb bn mj jl nf em gi lb bm mj in nl jg
eo kq np om pe qn mk io ol pi fq qe lf ep
oh ql pi go lp hq ig oh ko mp qm nq hn pk
e l p j h l c f n
h q n d g k p j e
e k i m
K5,5,3 on S5
ah ba cb dc ef fd ge hg
ia am jc ci ke lj el mk
hl nb bp od pk dn lo kh
qi mr gj is fq jf rg sm
lq rn pg so qp nl or gs
l n j d f
l r g o e
h m g s k
5.3. Nonorientable embeddings
K3,3,2 on N2 K4,3,2 on N3 K4,4,4 on N6
ab ac de bd ce ab ac de bd ce ab cd ef gh ac be dg fh
ae af dg df eg af ag dh dg fh ai dj fk lm al jm dk f i
be cf eg bf cg bi ci hj bj ch bn co kp hm cp bm kn ho
b f d fdbea f i gi ej gj ef in jo ep gl lp ej gn io
e c g b g j gdbifa a c p l lghmjebnia
f c h b j e m
n d k g
i o f h
K5,4,1 on N5 K5,5,2 on N8
ab ac bd ce de ab ac bd ce df eg fg
af ag df gh dh ag ah di ej dj eh gi
bi cj bk ci jk bk cl bm ck fn mn f l
fk gl f l eg ek go lo mp jq jp gm lq
ik jl kl hi hj ko ho ip kq np hn iq
k j k h bik g h m e n mpidbkog
g l i q f
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K5,4,3 on N8 K5,5,4 on N11
ab ac bd ce df eg fg ab ac de df gh be cg f i hi
ag ah di ej dh ei gj ai aj ek f l gm em gl fj ik
bk cl bm cn fn kl fm bn co dp dq hr bq cn pr ho
go lp mq nq no gl mp is ot pu lv ms mt lu ip ov
ko hp iq jq ho ik jp ns jt ku qv rs qt nu jr kv
o h d n idbk b t e q m mebns
k l i e n c u l g
g p m j i j p f r
i o k v h
K5,5,1 on N6 K5,5,5 on N12
ab ac bd ce df ef ab cd ef gh ij ac be dg f i hj
ag ah dg ei di eh ak dl em hn io am eo dk in hl
bj cj bk cl f l fk bp cq fr gs tu ct bs gu fq pr
gm hn go in io hm kv qw rx sy jt ty sw kx qv jr
jm jn ko ln lo km pv lw mx ny ou my ow ux nv lp
m h k e f efloi a c m y t nhgswoebpv
b w e s o
k d x g u
v q f n i
p l r h j
6. Final comments
As mentioned earlier, since submitting the original version of this paper we have
shown [3] that the nonorientable genus conjecture for complete tripartite graphs holds with
the exception of the three graphs described in this paper. For the orientable conjecture,
we can so far show that the conjecture holds for Kl,m,n , where l ≥ m ≥ n, if (m, n)
is congruent modulo 4 to one of (0, 0), (0, 2), (1, 1), (2, 0), (2, 1), (2, 2), (2, 3), (3, 3).
Our arguments are based on the generalization of Bouchet’s idea to complete tripartite
graphs, which provides an induction approach as discussed in [6], along with algebraic
constructions for the basis cases.
Another family of graphs whose genus is of interest consists of the graphs K l + Km ,
where ‘+’ denotes join. A lower bound on the genus of these graphs can be obtained
using Euler’s formula, and the natural conjecture is that this bound is tight. If l ≥ m − 1
the conjectured nonorientable genus is
⌈
(l−2)(m−2)
2
⌉
. By this conjecture, K4 + K5 should
embed in N3. However, since K4,4,1 is a subgraph of K4 + K5, Theorem 4 shows that this
cannot be the case. Hence, we also have a counterexample to this conjecture.
Moreover, this shows that the claim of Wei and Liu [15] to have found nonorientable
embeddings of Kn with all faces Hamilton cycles is incorrect for n = 5. If it were true,
we could obtain an embedding of K4 + K5 on N3 by adding a vertex in each of the four
Hamilton cycle faces of the embedding of K5.
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